rare. Gray and Whaley [1997] examined the pricing of S&P 500 bear market warrants with periodic reset and compared them vis-à-vis a standard S&P500 put as the index level and volatility change. Gray and Whaley [1999] also provided a closed-from solution for reset option with single reset date. Cheng and Zhang [2000] studied the reset options that the strike price will be reset to the prevailing stock price if the option is out of money. A closed-form pricing formula in terms of the multivariate normal distribution is derived under risk-neutral framework. The terminal payoff of reset options with n reset dates and initial strike price 0 K , studied by Cheng and Zhang [2000] , is as follows:
In practice, the terminal payoff of reset option is more often set as (1) [ ] The reset options described in (1) and (2) are actually adopted in the real world. Liao and Wang [2002] provided exact closed-form solutions for the general reset options with m reset levels and n pre-decided reset dates under the risk-neutral framework. The phenomena of Delta and Gamma jumps across reset dates as well as the properties of Delta and Gamma waviness near reset dates are also investigated in that paper.
Nevertheless, taking a reset option with the first three months for reset dates as an example, the dimension of the multivariate normal distribution is 91. It is difficult to calculate the accurate cumulative probability of multivariate normal distribution with high dimension, and hence, the accurate prices of reset options with many reset dates are also difficult to obtain. Furthermore, the closed-form solution of arithmetic average reset option does not exist due to the fact that the sum of lognormal variables is not lognormal. In order to overcome this problem, the motivation for this paper is to use a similar contingent claim to approximate the value of a reset option or to take this similar contingent claim as control variate in Monte Carlo simulation to obtain the price of arithmetic average reset option. The similar contingent claim that we use in this paper is a multiple partial reset option with m reset levels and its continuous reset period is less than time to maturity.
Accordingly, using martingale method, we derive closed-form solutions for single-barrier options with monitoring period less than time to maturity (i.e. partial barrier options). The formulas are the same as the results of and Hui [1997] 1 .
Then, we use partial barrier options as building blocks to derive the closed-form valuation of a general reset option with m reset levels and continuous reset period which is less than time to maturity. Furthermore, we conduct a Monte Carlo simulation using the closed-form solution of reset option with m reset levels and continuous reset period as the control variate to value the price of an arithmetic average reset option with m reset levels and n reset dates.
An outline of the paper is as follows. We establish the model and derive the closed-form valuations of single-barrier options and general reset options with continuous reset dates in Section Ⅰ. In Section Ⅱ, we present some properties of reset options with continuous reset dates and compare the actual issuing prices of reset options with simulated prices. Section Ⅲ provides the conclusion of this paper.
Ⅰ. PRICING PARTIAL RESET OPTIONS
We assume that the dynamics of underlying asset price T is the last day of reset period,
The payoffs of single-barrier down-and-out or down-and-in call options and down-and-out or down-and-in put options at expiry are as follows:
is the indicator function;
Similarly, the payoffs at expiry of single-barrier up-and-out or up-and-in call options and up-and-out or up-and-in put options are given as follows:
In order to derive the values of all types of single-barrier call and put options with reset period less than time to maturity, we first provide the following theorem:
is the cumulative probability of bivariate normal distribution with zero means and instantaneous correlation coefficient ρ . We prove Theorem 1 in Appendix A. -and-out call, down-and-in put, up-and-in call and up-and-in put with reset period
, which is less than time-to-maturity
, respectively. Then, we have 
By put-call parity, we have the following relations:
We prove Theorem 2 in Appendix B.
Using the fact that
where s ε are standard normal random variables, we know that when 0 T approaches T , the prices of the eight types of barrier options will become the barrier options with reset period being equal to time to maturity. Taking down-and-out call option as an example, when
which is the same as the result of Rubinstein and Reiner [1991] . Now, consider the reset call option with m reset levels and continuous reset dates with reset period less than time to maturity. The payoff at expiry date T is as follows:
, and
Correspondingly, The payoff at expiry date T of the reset put option with m reset levels and continuous reset dates with reset period less than time to maturity is as follows:
Therefore, we can replicate the reset call option with the following trading strategies:
1. Purchase one unit of European call option with strike price m K .
2. Purchase one unit of European down-and-out call option with strike price
, for each i .
Short sell one unit of European down-and-out call option with strike price
In the same way, we can replicate the reset put options with the following trading strategies:
1. Purchase one unit of European put option with strike price 0 H .
Purchase one unit of European up-and-in put option with strike price
3. Short sell one unit of European up-and-in put option with strike price
Consequently, we have the following results: 
The arbitrage-free prices of general reset options are (7) and (8), respectively.
The reset call or put options with reset period less than time to maturity can serve as the upper bounds or control variates of the reset call or put options with discrete reset dates, especially when there are many discrete reset dates and the distance between any two adjacent reset dates is small.
Ⅱ. NUMERICAL ANALYSES OF RESET OPTIONS

Characteristics of Reset Options with Continuous Reset Dates
First, we discuss the properties of reset call options with continuous reset dates.
Consider a one-year-maturity reset call option with initial strike price 100. The strike price will be adjusted if the closing price of underlying stock falls below 80%, 70% and 60% of the initial strike price 100. We compare the prices of the reset options with 3 reset levels and reset period of one month and three months to the plain vanilla call option. The results are shown in Table Ⅰ .
From Table Ⅰ We now investigate the properties of reset put options with continuous reset dates.
Consider a one-year-maturity reset put option with initial strike price 100. The strike price will be adjusted if the closing price of underlying stock rises above 115%, 120% and 125% of the initial strike price 100. We compare the prices of the reset options with 3 reset levels and reset period of one month and three months to the plain vanilla put option. The results are presented in Table Ⅱ . Table Ⅱ shows the characteristics of reset put options are also similar to the plain vanilla European put option; namely, the values of reset put options are decreasing functions of stock price and risk-free rate and are increasing with the volatility of stock returns.
Additionally, the reset put options have the following properties: (1) Similar to reset call options, the values of reset put options are increasing with the duration of reset period and are greater than the value of plain vanilla put option due to the more protection toward the holders. These values can serve as the upper bounds or control variates for the reset put options with discrete reset dates. (2) Under the same reset levels j G , higher reset strike prices j H will induce higher values of the reset put options. (3) In cases of lower values of stock price than reset levels and the lower volatility of stock returns, the price bounds for the reset put options with discrete reset dates will be smaller. For example, when the stock price, risk-free rate, the volatility of stock returns and reset strike prices are 85, 0.05, 0.3, and (105,110,115) , respectively, the price bound for reset put option with discrete reset dates at each day of one-month monitoring period is [16.5400,16.5409] .
Delta Jump of Reset Options
Since we can replicate the reset options with barrier options, similar to barrier options, the reset options also have the phenomenon of delta jump whenever the stock price touches the barriers. Using chain rule of differentiation we can derive the delta of reset options. The results are presented in the following theorem.
Theorem 4.
The delta of reset call option and reset put option are as follows: For example, consider two cases as follows: (1) One-year-maturity reset call option that strike price will be adjusted if the closing price of underlying stock falls below 87.5%, 75%, 62.5%, 50% and 37.5% of the initial strike price 80. The volatility of stock returns is 0.5. (2) One-year-maturity reset put option that strike price will be adjusted if the closing price of underlying stock rises above 7 8 , Figure 1 and 2, respectively.
The phenomena of delta jumps exist in both cases. The delta jumps happen whenever the stock price touches the barriers. For reset call option, when the stock price is above the highest barrier, the behavior of delta is similar to the delta of plain vanilla call option.
However, when the stock price falls and touches the barrier, due to the strike price being adjusted to a new lower level, the delta of reset call option will jump to a higher level. For a reset put option, when the stock price is below the lowest barrier, the behavior of delta is similar to the delta of plain vanilla put option. Nevertheless, when the stock price rises more close to the barrier, due to the fact that the strike price could be adjusted to a new higher level if the stock price actually touches the barrier, the reset put option is more valuable. The associated delta of reset put option will increase and even become positive. After the stock price actually touches the barrier, the strike price is adjusted to a new higher level.
Consequently, the reset put option again behaves as the same as plain vanilla put option, and the delta jumps to a lower level. T is as follows: 
Comparing (11) and (12), we see that except the case that stock price at time 0 T is higher 
Numerical Results of The Prices of Arithmetic Average Reset Options
In practice, the reset options use arithmetic average of stock prices. However, due to the problem that the sum of lognormal distributions is not lognormal, exact closed- 
For the value of arithmetic average reset call option, suppose that there are x days in one year, and for each day, there are y partition points. We have
3 Then, the arithmetic average value of stock prices is computed based on the partition point 
is computed based on (10). We can also use antithetic variates that is first proposed by Boyle [1977] in option pricing by creating a perfectly negatively correlated asset.
Then, we have M 2 paths to compute the option value.
Based on the above method, our empirical products are the six arithmetic average reset options listed on TSE from 1998 to 1999. The reset conditions of these six arithmetic average reset options are shown in Table Ⅲ . From the Table, we see that the number of discrete reset dates is large (from thirty days to ninety days) and the time interval between any two adjacent reset dates is only one day. Consequently, these kinds of reset options with many discrete reset dates can use the reset options with continuous reset period as control variates in Monte Carlo simulations to value their fair prices with smaller standard deviations.
During 1998 and 1999, we use the RP (Repurchase Agreement) rates as the proxies of risk-free interest rates, which are between 4% and 5%. The numerical results from 10,000 simulations are summarized in Table Ⅳ . From the Table, we can see that the standard deviations of 10,000 simulations are small by using the control variates. Meanwhile, it is clear that the markups of reset options in Taiwan are between 10% and 20%. 4 The high markup may result from transaction costs and regulation restrictions (e.g., it is not allowed to issue put options in Taiwan.)
Ⅲ. CONCLUSION
Using martingale method, we provide closed-form solutions for the eight types of partial barrier options and reset options with continuous reset dates. We also show some special characteristics of reset call and put options. Both of reset call and put options are increasing with the duration of reset period, greater than the values of plain vanilla options due to the more protection toward the holders, and can serve as the upper bounds for the reset call and put options with discrete reset dates.
We also provide the delta of reset call and put options and investigate the phenomena of delta jumps existing in reset call and put options during all the reset period whenever the stock price touches the barriers. (80, 70, 60) 9.7863 11.8476 (80, 70, 60) 10.4785 12.5702 (85, 75, 65) 8.6997 10.1582 (85, 75, 65) 9.3702 10.8590 85 (90, 80, 70) 6.4171 7.7947 8.7552 85 (90, 80, 70) 7.0037 8.4390 9.4246 (80, 70, 60) 14.2978 15.1891 (80, 70, 60) 15.2766 16.1581 (85, 75, 65) 14.2761 14.8774 (85, 75, 65) 15.2553 15.8531 100 (90, 80, 70) 14.2313 14.2579 14.6216 100 (90, 80, 70) 15.2105 15.2373 15.6006 (80, 70, 60) 24.8644 24.9671 (80, 70, 60) 26.1772 26.2757 (85, 75, 65) 24.8643 24.9331 (85, 75, 65) 26.1771 26.2434 30% 115 (90, 80, 70) 24.8642 24.8643 24.9051 30% 115 (90, 80, 70) 26.1769 26.1770 26.2166 (80, 70, 60) 18.5189 21.0248 (80, 70, 60) 19.2057 21.7192 (85, 75, 65) 17.0589 19.0633 (85, 75, 65) 17.7320 19.7474 85 (90, 80, 70) 13.1563 15.7593 17.3220 85 (90, 80, 70) 13.7675 16.4157 17.9906 (80, 70, 60) 22.7227 25.2422 (80, 70, 60) 23.5686 26.0789 (85, 75, 65) 22.4564 24.3382 (85, 75, 65) 23.3031 25.1814 100 (90, 80, 70) 21.7926 22.2197 23.5390 100 (90, 80, 70) 22.6369 23.0662 24.3851 (80, 70, 60) 32.2106 33.4457 (80, 70, 60) 33.2635 34.4820 (85, 75, 65) 32.1840 33.0861 (85, 75, 65) 33.2371 34.1289 50% 115 (90, 80, 70) 
TABLE Ⅱ
Prices of Plain Vanilla Put Option and Reset Puts with 3 Reset levels and Reset Periods of One Month and Three Months
05 . 0 = r 07 . 0 = r Reset Period 0 T Reset Period 0 T σ ) (t S ) , ,( 3 2= = = = = = = T t G G G H δ
TABLE Ⅲ
Reset Conditions of Six Reset Options on the Taiwan Stock Exchange
Code in TSE The Reset Conditions
0517
The strike price would be adjusted if the six-day average closing price of 2323 on the TSE fell below 90% of initial strike price $58.5 during the first three months after the warrant was issued.
0522
The strike price would be adjusted if the six-day average closing price of 2323 on the TSE fell below 98%, 96%, 94%, 92%, 90% of initial strike price $81 during the first three months after the warrant was issued.
0523
The strike price would be adjusted if the six-day average closing price of 2303 on the TSE fell below 80% of initial strike price $57 during the first three months after the warrant was issued.
0527
The strike price would be adjusted if the six-day average closing price of 2311 on the TSE fell below 80% of initial strike price $95.5 during the first three months after the warrant was issued.
0528
The strike price would be adjusted if the six-day average closing price of 2373 on the TSE fell below 95%, 90%, 85 of initial strike price $58.5 during the first three months after the warrant was issued.
0538
The strike price would be adjusted if the six-day average closing price of 2303 on the TSE fell below 85% of initial strike price $81 during the first one month after the warrant was issued.
This 
The reset period is three months. 
. Let * P be the probability measure equivalent to P such that its Radon-Nikodym derivative is , and we obtain
In the same way, 
As a result, we have
This completes the proof of (3).
To prove (6), first, note that
Therefore, we have the following expression:
Similarly, 
APPENDIX B Proof of Theorem 2
Under the risk-neutral probability measure Q , the arbitrage-free price of down-and-out call option is as follows:
[ ] . Then, following the same procedure by using (4) to (6) where t C and t P are defined in (9). This completes the proof of Theorem 2.
